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Abstract 

A system of g-Painleve type equations with multi-time variables ti , . . . , tu 
is obtained as a similarity reduction of the iV-reduced q-KP hierarchy. 
This system has affine Weyl group symmetry of type A^_ l x Its 
rational solutions are constructed in terms of g-Schur functions. 



1 Introduction 

Fix an integer N > 3. The following system of (/-difference equations has been 
introduced in Q: 

__ _ _ X t -i fj-l(x) 

di <p i+ i{x) (i) 
<Pi(x) = 1 + Xi-l + Xi- 2 Xi-i H h Xi-N + l ■ ■ ■ Xi-x, 

for i = 0, 1, . . . , N — 1. Here aj and Xi (i = 0, 1, . . . , N — 1) are constant param- 
eters and dependent variables satisfying a; + jv = o-i and Xi+ n — Xi, respectively. 
The symbol / denotes the discrete time evolution of a variable /. We put 
a^ai ■ ■ -djv-i = Q~ N an d x^x\ ■ ■ -xn-x = t; t plays the role of independent 
variable such that t = q N t. 

The system (m) has the Backhand transformations sq, Si, . . . , sjv-i, n defined 



as follows: 



7r(ai) = Oi+i, n(xi) = x i+ i, 

M a i-lJ = Cli-ldi, Si(Xi-i) 



di 1 + Xi 

s»(a») = — , Si(xt) = (2) 

CJj 

1 + sc ■ 

Si(ffli+i) = ajOi+i, s,- (it+i) = ^+1^— — , 

1 + ajXj 

Si(aj)=a,j, s l (x j )=x j (j^i,i±l). 

These transformations generate the affine Weyl group of type ^4^-i- 

The case of N = 3 corresponds to the g-Painlcve IV equation (g--P[v)[|l} 
through the change of variables <Zj — ► af, — > /j/a, and q — > g -1 / 3 . The case 
of TV = 4 is considered as a g-difference analog of Painleve V equation (q-Py), 
whose rational solutions are studied in J| . 

The aim of this paper is to introduce a hierarchy of these equations with 
multi-time variables t±, . . . , This hierarchy, formulated as a similarity re- 
duction of an TV-reduced g-KP hierarchy, has the affine Weyl group symmetry 
of type x ^iv-i- We also construct certain rational solutions expressed 

in terms of g-Schur functions by using this formulation. 



2 g-KP hierarchy 

We first introduce a g-difference analog of the KP hierarchy (q-KP hierarchy). 

Let ti and (i = 1,2, ... , M) be the time variables and their g-shift opera- 
tors: 

T i (t i )=qt i , T l (tj ) = tj (i^j). (3) 

We also use the notation such as TiTj ■ ■ ■ Tk — Ji,j....,fc. For i = 1,2, ... , M, we 
define the 1 x Z matrices 

Bi =Ui + UA, (4) 

where 

Ui = di&g(ui t j)j£z, A = (5 i+lt j)i tje z, (5) 
and consider the linear g-difference equations 

T k V = B k y, (k = l,...,M) * = (^)<ez- (6) 

We define the g-KP hierarchy as a system of nonlinear g-difference equations 
for the unknown variables Uij = Ui t j(ti, . . . , tit), through the compatibility 
condition of (jfy, 

TkiB^Bk = Ti(B k )Bt (i, k = 1, . . . , M). (7) 
The evolution equation for Uij with respect to tk is expressed explicitly as 

Tkiui-j) = Uij—f — J — (i^k). (8) 
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Introduce the r-functions Tj (j € Z) by 

_ Tj(Tj)Tj — i 

~ /;;r, ,)r, 



(9) 



These r functions are defined up to normalization constants. By substituting 
(||) into (g), wc have 

Theorem 2.1 Under an appropriate normalization, the q-KP hierarchy M) is 
described by the Hirota-Miwa bilinear q-difference equations 

UT^Tk^Tjin) - tjTjiT^T^Tk) = {u - t^in^Tk. (10) 

A class of rational solutions of the q-KP hierarchy is described in terms of 
the g-Schur functions as follows. Define hk(t) (k = 0, 1, 2, . . .) by 

oo M 
fc=0 i=l v ' y/ 

or 

We set /ifc(t) = (fc < 0). For a sequence of integers A = (A l7 A 2 , . . . , A;), the 
g-Schur function S\(t) is defined as 

S x {t) = det \h Xi -i +j (t)\ . (13) 

J l<i,j<l 

For A = (Ai, . . . , Xi) and fc G Z, we put (fc, A) = (fc, Ai, . . . , A;). For two se- 
quences of integers A = (Ai, . . . , A;) and pi — (jiti, . . . , H m ), we say that A = fx 
if 5a = ±S^. For instance we have (. . . , a, b, . . .) = (. . . , b — 1, a + 1, . . .) and 
(. ..,o,6,0) = (.. .,a,b). 

The following Proposition asserts that the g-Schur functions solve the Hirota- 
Miwa equation (10). 

Proposition 2.2 For any fc and X, we have 

t i T i (S A )T i (S (fc , A) ) - ^T,(5 A )T ? ;(5 (fc , A) ) = (U - t ] )T lJ (S x )S (k . x) . (14) 
Proof. Define a semi-infinite matrix $ with indices z, j = 1,2, . . . as 

oo 

* = 5^,(f)A', Aj )3 - = (15) 

For any partition A = (Ai, A2, . . . , A;), Ai > A2 > . . . > A; > 0, the g-Schur 
function S\(t) is the minor determinant of the matrix $ with rows (1, 2, ... , I) 
and columns (A; + 1, A;_i + 2, . . . , Ai + I). Note that the matrix $ solves the 
g-difference system 

T n ($) = (1 - t„A)$ (n = 1,2,..., AT). (16) 
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Then the relation (nj) reduces to the determinant identity (Pliicker relation) in 



Lemma 2.3 below for X = defined with an appropriate permutation matrix 

s. o 

Lemma 2.3 For any matrix X , we have 

(a - b)dct n {V a V b X)dct n+1 (V c X) + {abc cyclic) = 0. (17) 

Where V a — 1 — a A and det n (X) is the n x n minor determinant of the matrix 
X with rows and columns (1, 2, . . . , n). 

We note that the g-Schur functions also satisfy the following bilinear q- 
difference equation. 

Proposition 2.4 For any partition A and k < I G Z, we have 

tiS(i-i t k,\)Ti(S\) + S(k,\)Ti(S(i t \)) — S(i t \)Ti(S(k,\)) = 0- (18) 
Proof. This is also a consequence of the following determinant identity. [] 
Lemma 2.5 For any matrix X , we have 

a £(W)(X)e(V a X) + ^(X)^(V a X) - ^> l \X)^(V a X) = 0, (19) 

where £ J (X) is a minor determinant of X with rows (1, 2, . . . ,p) and columns 
J = (ji, ■ ■ ■ Jp)- 

3 Reduction to g-Painleve equations 

We consider two kinds of reduction conditions for the <j-KP hierarchy, namely, 
the iV-reduction and the similarity reduction. 
We first impose TV-periodicity, 

UiJ+N = Ui,j, Tj +N = CjTj, (20) 

for some constants Cj (TV-reduction). Correspondingly the Lax formalism is 
rewritten in terms of N x TV matrices with a spectral parameter z as follows: 

T fe *-S fe *, B k = Uk+t k A, (21) 

w-i 

where * = (ipi)i<i<N, U { = diag(u ijl , . . .,u i)N ) and A = ^ E. t . l+1 + zE Ns . 

i=l 

We next impose the similarity condition. Consider the action of the Euler 
operator T^....^/: 

/: •,/>!' r>\ (22) 

where 

Bi t ... t M = r 2i ... iA f(5 1 )T3 > ... )A f(S 2 ) ■ • • T 1 A /(75j\/_ 1 )B M . (23) 



4 



Setting 

A = K- 1 B 1 _ M , K = dmg(q N - 1 1 q N - 2 ,...,l), (24) 
we require that ^ should obey the similarity condition, 

T qN ^ = A$>, (25) 

where T q N z is the g-shift operator with respect to z such that T q N z (z) = q N z. 
The compatibility condition 

T qNjZ {B k )A = T k {A)B k (26) 

of (^||) and (|2|) implies in fact the homogeneity of tt,-j: 

3 r i,...,M('"i, J -) = Uij. (27) 

Consistently, we may assume 

T 1 ,..., m (t j )= 1j t 3 , (28) 

for some constants jj. 

The ./V-reduced g-KP hierarchy with similarity condition gives a system of 
(/-difference equations of the form 

T k {u itj ) = F kti>j (u), (k,i=l,...,M,j = l,...,N), (29) 

which we call g-Painleve system of type (M, N). In ( p9f ) Fk,i,j(u) are in general 
complicated rational functions of the variables Ui j and ti (i — 1, . . . , M, j = 
1, . . . , TV). Their explicit form will be given in the next section. 



4 The Weyl group realization 

The time evolution and symmetry of the g-Painleve system can be described in 
the framework of a birational action of the affine Weyl group of type A^_ x x 

To this end, we first discuss a realization of the affine Weyl group as a 
group of automorphisms of a field of rational functions, apart from the context 
of the q-KP hierarchy. 

We introduce a new set of variables Xij (i = 1, . . . , M, j = 1, . . . , N) and 
define the action of the affine Weyl group on the field of rational functions 
K = C(x) in MN variables xij. We extend the indices i,j of Xij to i, j 6 Z 
by the condition Xi+M,j = Q x i,j an d a^ij+v = P%i,j with some fixed constants q 
and p. 

Define algebra automorphisms it, p, r.i and Sj (i G Z/MZ, j £ Z/iVZ) on 
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the field K as follows: 



P 



P 



Pi, 7-1 



rk(xij) = x itj , (k^i,i + l), 



(30) 



Sjv^iij) ~ Q^i.j-\-l' 



! 1-1,3 



Qi,j 



where 



JV /a-l 



TV 



X! II II ^+1^+* 

a=l \fc=l fc=a+l / 

M /a-l M , 

^ <J X! ( II Xi + k >i II 

a — 1 \fc=l fc— a+1 > 



(31) 



Theorem 4.1 T/ie automorphisms (tt, tq, r\, • ■ • , r^-i) a^d (p, So> Si, • • • , sjv— l) 
generate the extended affine Weyl group W(A$_ 1 ) and W(A^_ 1 ), respectively. 
Moreover these two actions W(A^_ 1 ) and W(A^_ 1 ) mutually commute. 



This theorem is proved for the special case of p = q = 1 in [gj (sec also j| ) . Wc 
omit the proof of Theorem 4.1 since essentially the same argument applies to 
the case of general p and q. 



Let Ti (i = 1, . . . , M) be the translations in W(A^/_ 1 ) defined by 

r 4 = ■ ■ - rnxTM-i ■ ■ - n+in. 



(32) 



Then I\ define a commuting family of discrete flows, for which W(A^_ 1 ) acts 
as Backlund transformations. By a computation similar to that given in 
explicit formulas for the actions of I\ are obtained as follows: 



Fi(x k ,j) = < 



pk+l,...,M+i 

P <i x k,3 k+X,...,M+i 
3 

pk,M+i 
— 1 3 
P Xk <3 r,k.M+i 

pfe+1 M+i pk,....M+i 

_1 f"; 

^ p fe+l,...,Af+i p k,....M+i 

^3 ^j-l 



Here 



/ai-l n 

^-^ = e n ^ 

a \ k=l / 



' 0,2-1 N 



(k = i), 

(k = M + i- 1), 
(otherwise). 

/ rN 



(33) 



^i+r.j+i , (34) 



Kk=a r + 1 
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and the sum ^ Q is taken over integers «j such that < a\ < a-i < . . . < a r < rN 
and 1 < a,; — a^i < TV. As is shown in the system for (M, TV) = (2, TV) for 
p = 1 is equivalent to (|IJ) . 

We now give an explicit correspondence between the above family of discrete 
flows and the g-Painlcvc systems described in the previous section. 

Theorem 4.2 With the notation of the q-Painleve system of type (M, TV) as in 
Section 3, define the variables Xij by 

Xi,j = ^-T 1 i+i....,M(w J ,i) (i = 1, . . . , M, j = 1, . . . , TV). (35) 
t% 

Then, in terms of the x variables, the time evolutions of the q-Painleve system 
coincide with the commuting flows defined by T^ 1 (k = 1,.,.,M) under the 
birational action ofW(A^) = (ro, • • ■ , Tm-Xj with p = 1. Namely, we have 

Tk(x l:J )=T- 1 (x lJ ) (i ! \/. j 1 V;. (36) 

In order to prove Theorem [4.2| , the following lemma which was originally 
given in plays a crucial role. 

Lemma 4.3 (Lemma 3.1 of j^J) For given MN variables Xi.j and MN un- 
knowns x' i ; j (i = 1, . . . , M, j = 1, . . . , TV), we denote Xi ~ diag(cci i i, . . . , a^jv) 
and X[ = diag(a;^ x , . . . , x' i N ). Then the system of algebraic equations 

(Xi + A) • • • (X M + A) = (X[ + A) • • • (X' M + A), (37) 

has Ml solutions. Each of the solution corresponds to a permutation a G Sm 
and characterized by additional conditions 

x 'i,i x 'i,2 ' ' ' x 'i,N = 2V(i),i2V(i),2 ■ • • a;<T(i),jv (i = 1, . . . , M). (38) 

Moreover, if a is given as a product a = ■ ■ ■ o~i k , where er,; = {i, i + 1), then 
the corresponding solution is explicitly expressed as 



1,3 



■r ik {xij), (39) 



by means of the birational Weyl group action of W(A^_ 1 ) = (r\, . . . , Tm-x) 
withp= 1 @. 



Proof of Theorem (.L We first remark that, for each i = 1, . . . , M, the product 
u%.i ' ■ • Ui.N is invariant with respect to the g-shift operators T\. (k = 1, . . . , M). 
Hence, we have 



Xi,x • ■ • %i,N = *i T i+lt ... tM {u it i ■ ■ -u itN ) = t { • • • Ui,jv (40) 

and 



T k (x iA . . . x i>N ) = q NS *- k x iA ---x iiN . (41) 
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We now prove that, for each k = 1, . . . , M, the action of T k 1 on the x variables 
coincides with that of Y k = r^-i ■ • • riirrM-i • • • fk (withp = 1). Since Ti m = 
T^TmTm-i ■ ■ ■ Tfe • ■ ■ T\, the matrix Bi m is expressed alternatively as 

Bl,...,M = T2,...,m{Bx)Ts^..,M\B2) ■ ■ ■ Tk,...,Al(Bk-l) 

■ Tfi[Ti e +2,...,M(Bk+i) ' " ■Tm(Bm-i)Bm}Bi s: - (42) 

This implies 

(Xi + A) • • • (X M + A) = (X 1 + A) • • • (AVi + A) 

• T k [{X k+1 + A) • • • (X M + A)] (t-'Uk + A).(43) 

In the right-hand side, the products of diagonal entries of individual factors are 
arranged as 

Xi t i ■ ■ ■ Xi^ N (i = 1, .. . , A; - 1), 

Tk(x itl •• -Xi,jv) =x ii i---x iN (i = k + 1, . . . , N), (44) 

tk N Uk,l ■ ■ ■ U k ,N = Xk,l ■ ■ ■ X k ,N- 



according to the cyclic permutation (k, k+ 1, . . . , M). Hence by Lemma 4.1, we 
obtain 

Xi,j = r k ■ ■■r M _ 1 (x i ^) (i = l,...,k-l), 
Tk{xi +1 j) = rk---r M -i{xi,j) (i = k, . . . , M - 1), (45) 

t k 1 ' u k,3 — r k ■ ■ -rM-l(xM,j), 

for all j = 1, . . . , N. Similarly, from T\ m = • • • T k ■ ■ ■ T\T k , we obtain 

#i,...,Ar =T k 1 [T\,...,m (-Bft)T2 ! ... j M(-Bi)T3 i ... i jvf (B2) ■ ■ ■ Tk t ...,M(Bk-i)] 

• Tk+2,...,M\Bk+i) ■ ■ - Tm(Bm-i)Bm, (46) 

hence 

(X 1 + A) • ■ ■ (X M + A) = (tfT-^Uk) + A)^ 1 [(X, + A) • ■ • (X k ^ + A)] 

■(X k+1 +A)---(X M +A). (47) 

This time the factorization on the right-hand side corresponds to the cyclic 
permutation (k, k — 1, . . . , 1); hence we have 

*A lT fc" 1 ('"fc,j) = r k-i ■ ••n(a;i,j), 
I7 1 (aj i _ij) = r fc _i--.ri(a! i j) (i = 2, . . . , k), (48) 
Xi,j = r k -i ■ ■ ■ n (x itj ) (i = k + 1, . . . , M) 

for all j = 1, • • • , N. By using ( f45| ) and ((48|), we can determine the action of 
TjT 1 as follows: 

TVVfe • • • r M -i(x l j) = T k ~ 1 (xij) = r k -i ■ ■ ■ n(xi+ij) (i = 1, . . . , k - 1), 
T k lr k ■ ■■rM-i(xi,j) = x i+ ij = r fc _! • ■■r 1 (x l+1J ) (i = k, . . . , M - 1), 

7VV fe • • • x M ,j = qt^T^iuk.j) = r k -i ■ ■ ■ n(qxi,j), 

(49) 



for all j = 1, . . . , TV. Namely we have 

T^r k ■ ■■r M -i{xi,i) = fk-i • ■ -wrix^) (i = 1, . . . ,M, j = 1, . . . , TV). (50) 

This means that the action of T^T 1 on the x variables coincides with that of 
T fe = r fc _i • • • ri7rr A /_i ■ • • r k . [] 

We now construct the rational solutions for the g-Painleve system. 

We say that a sequence of partitions A(i) (i £ Z/TVZ) is an TV-reduced chain 
if A(£) = (fei,A(i-l)) for some h £ Z. For instance A(0) = (1,1), A(l) = (2,1,1) 
and A(2) = (2, 2, 1, 1) is an example of 3-reduced chain, where k\ = 2, k 2 = 2, 
k 3 = k = -4. 

For any TV-reduced chain X(i) = (Ai(i), A2 (*),.. •) (* £ Z/TVZ) given, we 
put Tj = <S'^(j)(ti, . . . ,4a/)- Then from Proposition 2.2, the r functions r, (z £ 
Z/TVZ) give a similarity solution of the TV-reduced q-KP hierarchy such that 
Ti,...,M{n) = lin with 7j = |A(i)| = A x (i) + A 2 (i) H . 

Corollary 4.4 For any TV -reduced chain of t functions Ti defined as above, we 
put 



1 2*,...,Af (7j)2i+i J ... 1 Af (Tj-i) 

7i+i,...,M (Tj-)Ti ! ...3/(r J -_i) 



s M = f M ^ - 1 (i = 1, . . . ,M, j = 1, . . . , TV). (51) 



Then Xjj sofce i/ie q-Painleve system of type (M, TV) 

x iJ {t 1 ,...,q- 1 t k ,...,t M )=T k {x itj ) (fc=l,...,M). (52) 

We finally remark on the Toda type bilinear g-difference equations satisfied 
by g-Schur functions. For simplicity, we consider the case of M = 2, namely the 
case with two time variables t = (t\,t 2 ). For a g-Schur function r = S\(t) let 
us put Tk,...,i = iS(i,...,fc,A)(£)- It follows from Proposition 2.4 that 

Tir M Ti(r) + T fe Ti(r ; ) - TjTifa) = 0, 

(53) 

t 2 T k: lT 2 (r) + T k T 2 {n) - T[T 2 (T k ) = 0. 

Applying T\ on the second equation, and using the similarity condition, we have 

t 2 Tx{T k .{)T + T x {T h )q l n ~ 11(71)9*7* = 0. (54) 

Combining (|54|) and the first equation of (p3|), we obtain 

q k t x T x {T)r u + hT^my = {q k - q^T^n. (55) 

Define monic polynomial Qa(x) as Q\(x) = c^ 1 S\(x, 1). Here the normalization 
constants are given, in terms of the hook-length Q hij = Aj — j + X'j — i + 1 of 
the partition A, as 

CA = g£i(i-i)A, -Q (1 _ 3 ^)-i. (56) 
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Then (|§) yields 



Q{k,X){Q.x)Q{l,\){ x ) = Q(i-i,k,X)(l x )Qx(x) + xq k Q x {qx)Q (l _ 1M , x) {x). (57) 

In the 3-reduced case, (^) coincides with the Toda equations for the g-Okamoto 
polynomials (Q Theorem 2.7). At the same time, from the determinant formula 
(p"3|), we obtain the Jacobi-Trudi type formula for the g-Okamoto polynomi- 
als; in this particular case, the entries are essentially the continuous g-Hermite 
polynomials. 



References 

[1] K. Kajiwara, M. Noumi, and Y. Yamada: A study on the fourth q-Painleve 
equation J. Phys. A: Math. Gen. 34(2001),8563-8581. 

[2] K. Kajiwara, M. Noumi, and Y. Yamada: Discrete dynamical systems with 
W{A^ > _ 1 x symmetry, preprint, Qlin.SI/0106029t submitted to Lett. 

Math. Phys. (2001). 

[3] T. Masuda: On the Rational Solutions of q-Painleve V Equation, preprint, 
|nlin.SI/0107050| . 



[4] A.N. Kirillov: Introduction to tropical combinatorics, in "Physics and Com- 
binatorics 2000" (Eds. A. N. Kirillov and N. Liskova) Proceedings of the 
Nagoya 2000 International Workshop, pp. 82-150, World Scientific, 2001. 

[5] Y. Yamada: A birational representation of Weyl group, combinatorial PL- 
matrix and discrete Toda equation, in the proceedings ib. cited, pp. 305-319. 

[6] I. G. Macdonald: Symmetric Functions and Hall Polynomials, Second Edi- 
tion, Oxford University Press, 1995. 



10 



